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Abstract
The article aims to measure the market risk beyond the basic risk measures like the Value-at-Risk
(VaR) and the Expected Shortfall (ES). The Entropic Value-at-Risk is selected among the available
measures based on its advantages – it is the coherent upper bound of the VaR and ES. This risk measure
is applied to the classical Black-Scholes model as well as to some more realistic ones, such as the
exponential tempered stable model (the log-returns are presented by a tempered stable Lévy process),
the stochastic volatility model of Heston, its jump extension of Bates, and another stochastic volatility
model but with tempered stable jump behavior. Closed or semi-closed form formulas are obtained
for all these models. The derived theoretical results are applied to a historical sample for the S&P 500
index. There are several advantages of the use of a stochastic model instead of the direct application of
the risk measure to the statistical data. The main advantage is that an appropriate model can capture
the inherent features of the financial asset that are hidden in the time series due to an insufficient
number of observations. This is especially true for the distribution tails – terms closely related to the
risk measures.

Keywords: Entropy risk measure; Entropic VaR; stochastic models; risk-management

AMS 2020 Classification: 60E07; 60E10; 62P05; 91B05; 91G70; 91G10

1 Introduction

Risk measures appear on the agenda of financial mathematicians for two main reasons: providing
capital buffers against crises and optimizing portfolios by minimizing their market risk exposure.
Regulatory entities issue obligatory recommendations for the credit institutions regarding the
capital reserves based on the regulator’s acceptance set. Such an approach enables the application
of multiple ways to measure the risk. Hence, the question arises as to what the most appropriate
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risk measure is and, as a consequence, the most conservative one among the various available
choices. Risk managers are required to be aware of the ultimate scenario that a portfolio should
be ready to face. Nowadays, the research on Value-at-Risk (VaR) and the Expected Shortfall (ES)
remains a high priority for the academic community. Machine learning approaches based on
Mogrifier recurrent neural networks are applied to improve the VaR/ES estimation accuracy in
[1]. On the other hand, a better estimate of VaR and ES necessitates leveraging different novel
sophisticated techniques, for example, quantum computing – see [2] and [3]. Lévy–VaR and ES are
used as an alternative to the generalized Pareto VaR and ES, to better comprehend the tail behavior
– see [4]. [5] proposes to compute the VaR and ES by considering the possible interactions with other
observable risks. Raising the ability to forecast VaR and ES is another domain of contemporary
research. A better forecast is possible for Chinese stock markets when normal and non-normal
GARCH-type filters are combined with the extreme value theory – see [6]. On the other hand, [7]
combines the extreme value theory with GARCH-mixed data sampling to forecast the VaR on
the crude oil market. VaR/ES forecast improvement is possible when applying machine learning
methods like Recurrent Neural Networks and Feed-Forward Neural Networks – see [8]). There
is evidence that the dynamic Gerber model results in better VaR/ES forecasts than alternative
parametric, non-parametric, and semi-parametric methods for estimating the covariance matrix
of returns – see [9]. Furthermore, there is a heightened current interest in VaR/ES research
for cryptocurrency markets – see [10]. Also, the portfolio selection and optimization remain a
preferred area of researching the VaR/ES during the last couple of years (see, for example [11]). A
study in this field based on the expectiles can be found in [12].
On the other hand, the risk managers need a non-intuitive understanding of the upper bound of the
market risk that is not too computationally intensive. Being the upper bound of the Value-at-Risk,
the Entropic VaR (EVaR) marks the most conservative approach to capital reserves. Additionally,
it is a coherent risk measure – see [13] – i.e., it is translation invariant, subadditive, monotone, and
positive homogeneous. Another feature of the EVaR is its computational efficiency compared to
other sophisticated risk measures, like the Expected Shortfall.
Two streams mark the genesis of the topic this article deals with: the invention of the Entropic Risk
Measure and its adoption in the financial area, and the introduction of the EVaR in the field of
operations research. [14] introduced the entropic risk measure and later studied its properties in
[15]. [16] elaborated deviation measures and the so-called risk envelopes. [17] further developed
the EVaR concept. Special attention is paid to studying the coherence and the convexity of the
new risk measure in [18] and [19]. This theoretical field was expanded further by introducing new
risk measures based on entropy. [20] elaborated the iso-entropic risk measure. [21] introduced the
so-called cumulative risk measure. The Weighted Entropic Risk Measure that is consistent with
the second-order stochastic dominance and additive for sums of independent random variables is
considered in [22]. [23] discussed the risk measures based on some generalizations of the entropy
concept: information entropy, cumulative cesidual entropy, fuzzy entropy, credibility entropy, sine
entropy, and hybrid entropy. Generally speaking, the portfolio optimization is the dominant area
of applying the entropic risk measures - see ([24]).
The EVaR was introduced by [25] and [26] as a measure based on the generalized relative entropy
where ln (·) plays the role of a convex function. [27] extends the measure as he used Kullback-
Leibler divergence for the Kusuoka representation of the EVaR. [28] proved that contrary to the
VaR and the ES, the EVaR is strongly monotone over its domain and strictly monotone over a
broad sub-domain including all continuous distributions. [29] adjust the new measure to the
market realities by adding a Rayleigh distribution to the normal one. [30] elaborated a closed-form
EVaR for numerous continuous distributions. [31] leveraged the bilateral links between EVaR
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and norms, and studied the metric induced by Banach spaces. [32] proved that the EVaR can be
a finitely-valued dynamic risk measure if the moment generating function exists. In addition,
several important investigations in the field can be found in [33], [34], and [35].
Substantial efforts are made to generalize the EVaR. For example, [26] introduces the g-entropic
risk measures, which include the ES and the EVaR, and proves that the EVaR is computationally
more efficient than the ES. [36] extend and generalize the EVaR towards the Rényi entropies. Fur-
thermore, they replaced the relative entropy in the dual representation with different divergences
and so created the f-EVaR. Also, [37] challenged the capabilities of the Adjusted Rényi EVaR
to deal with different parts of the tail distribution. [38] extends the EVaR into a new coherent
uncertain entropic risk measure and verifies the properties of EVaR under uncertain measure
(positive homogeneity, translation invariance, monotonicity, and subadditivity under indepen-
dence). The EVaR served as the basis for the introduction of other risk measures. [39] coined the
mean-EVaR model that deals with uncertain random returns. [40] apply the mean EVaR results in
a distributionally robust optimization model. [41] develops the multivariate EVaR as a coherent
entropic risk measure that encapsulates the integrated risk of various assets in a portfolio. [42]
explored the EVaR based on the Tsallis relative entropy and derived an explicit formula for the
dual Tsallis VaR norm. [43] applied the Tsallis EVaR to identify the reversion measure when
modeling and identifying time series with a long memory.
As we mentioned above, the main purpose of the paper is to measure the financial risks through the
EVaR. Our approach is based on the assumption that the studied object (asset, stocks, commodity,
index, etc.) is driven by some stochastic process. We faced the tough choice of selecting which
models would be the subject of our study. We solved the dilemma by picking up models based on
their capability to match the stylized facts such as sudden jumps, strong asymmetry in log-returns’
distributions, volatility clustering, leverage effect, long-range dependence, etc. – see [44]. The
Gaussian assumptions that lay the ground of the [45] model do not meet the stylized facts but serve
as a solid ground to compare the rest of the models. We would like to see asset price dynamics
different from the log-normal one and this is why we leveraged the exponential tempered stable
model which is closer to the market realities since the asset price dynamics is driven by a process
of infinitely small-size jumps – see the survey of [46]as well as the fundamental works of [47]
and [48]. It is a stylized fact that the asset returns volatility is a stochastic process, and hence the
[49] model was added to the set of models we dealt with. We would like our study to capture
the combination of stochastic volatility and asset returns jumps, and this is how we enlarged the
set with the model of [50] that uses compound Poisson jumps. Last but not least, we selected
a stochastic volatility/tempered stable model since this model replaces the finite-number Bates
jumps with jumps of infinite activity–see [51].
The approach we follow has several outstanding advantages over working directly with the
empirical observations. First, using an appropriate model, we may introduce the well-observed in
the markets’ inherent features into the asset model. Second, the financial risks influence mainly
the distributions’ tails, but these observations are rare or even extremely rare. This does not allow
a proper derivation of the risk measures. This is at most true when we work with a moving
window of relatively small size. Third, we may use the extracted stochastic process that drives the
corresponding model for other financial purposes, such as option pricing, portfolio optimization,
etc. Last but not least, the stochastic process introduces a proper structure and fills the gap of
limited observations.
The novelties of the paper are in several directions. First, we introduce the EVaR from a financial
point of view and discuss its coherence. Furthermore, we generalize the concept of EVaR for a
distribution whose moment-generating function is not well-defined everywhere. The necessary
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theoretical results are proven. Second, we elaborate on the EVaR for the above-mentioned five
stochastic models. We derive the domains of the moment generating functions of the log-returns
for all these models and derive closed-form formulas for the EVaR. And third, we estimate the
log-returns of these five models to the S&P500 index from January 2, 2003, to February 19, 2025.
The approach we use is based on a moving window with a length of 1 000 days. This way, we may
derive the risk structure during the whole period. Because theoretical probability density functions
are not available for the above models (except for the Black-Scholes one), we approximate them by
a Fourier method (Fast Fourier Transforms, FFT) through the characteristic functions. Last but not
least, we analyze the empirical results for the models and compare the EVaR performance with
another sophisticated market risk measure, namely the expectile risk measure (ERM) – see [52].
It is worth noting that the entropic VaR is a measure that almost immediately indicates possible
market turbulence – this is strongly confirmed by the empirical results.
We chose the S&P500 index for our empirical investigation mainly since it is the most representative
index in the US financial markets. In fact, it consists of the most important companies, taking
into account their trading weights. Although the index is not directly tradable on the markets,
many ETFs follow its structure. Furthermore, having in mind that all of the stochastic models
used in this article have been widely used both in the financial theory and industry practically for
all important asset types and all over the globe, we can expect with a great deal of certainty that
the suggested approach can be applied beyond the S&P500 index. Some interesting evidence from
Türkiye can be found in [53] and [54].
The paper is organized as follows. The EVaR risk measure is adapted to the financial purposes
in Section 2. We derive the EVaR for the above-mentioned model and for a financial time series
in Section 3. The calibration methodology used and its motivation are provided in Section 4. We
analyze the empirical evidence in Section 5.

2 Entropic VaR for stock returns

Let (Ω,F ,Ft, P) be a filtered probability space – Ω is the sample space, F is a σ-algebra on Ω, Ft
is a filtration over F , and P is the probability measure. In financial terms, the set Ω is a collection
of all trajectories of the asset prices, F contains the possible events, and Ft models the information
flow w.r.t. the time. Note that P measures the probability of the non-sample events of F . Also,
it is the natural probability measure, also known as the real-world. We shall specify further the
probability space, having in mind the stochastic processes we use for modeling the asset prices.

EVaR for financial purposes

We shall introduce the EVaR for the financial assets. It quite differs from the traditional definition
in the field of operations research provided by [26]. Let ξ be a random variable that describes
the asset returns. We shall use the notations f (·), F (·), F (·), q (·), Ψ (·), and M (·) for the
probability density function (PDF), the cumulative distribution function (CDF), the complementary
cumulative distribution function (CCDF), the quantile function (QF), the characteristic function
(CF), and the moment generating function (MGF) of ξ. Sometimes we need to mark the dependence
on ξ.
The most common risk measure used in finance – the VaR – is defined as

VaR (ϵ; ξ) = − inf {x ∈ R : P (ξ < x) > ϵ} ≡ −F−1 (ϵ) ≡ −q (ϵ) , (1)

for a level ϵ ∈ (0, 1). Usually, ϵ has small values – most common ones are 0.05, 0.025, and 0.01.
We need now the following lemma – it formalizes mathematically the fact that if g1 (x) ≤ g2 (x)
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are two monotonic functions, then their inversions change the positions, i.e. g−1
1 (x) ≥ g−1

2 (x).

Lemma 1 Let g1 (·) and g2 (·) be two functions on the real numbers, g1 (·) be non-decreasing, g2 (·)
be strictly increasing, g1 (x) ≤ g2 (·), and the set A be the image of the real axes through the function
g2 (·). We define the inversion of g1 (x) as g−1

1 (α) = inf {x ∈ R : g1 (x) > α}. If g1 (x) > α for all
real x and some α ∈ A, then g−1

1 (α) = −∞. Also, if g1 (x) < α for all x ∈ R and some α ∈ A, then
g−1

1 (α) = +∞. Under these assumptions, g−1
1 (α) ≥ g−1

2 (α) at the set A.

We shall motivate now the definition of the entropic VaR as the upper bound of the classical
measure VaR. Note that VaR is the inverted CDF taken with an opposite sign due to its relation
with the quantile function. We shall associate the variable a with the CDF and ϵ with its inversion,
respectively with the VaR. In financial terms, ϵ is the risk level that we want to measure.
Using the Chernoff inequality, also known as the exponential Markov inequality – see [55], we
restrict the CDF for a positive constant z > 0 by

F (a; ξ) = P (ξ < a) = P
(

e−zξ > e−za
)

≤ eazE
[
e−zξ

]
= eaz M (−z; ξ) .

(2)

Let us denote by d (x, z; ξ) the function

d (x, z; ξ) :=
1
z

ln
(

M (−z; ξ)
x

)
. (3)

Having in mind that the inversion w.r.t. the variable a of the right hand side of inequality (2) is
−d (ϵ, z; ξ) and applying Lemma 1, we deduce

VaR (ϵ; ξ) = −F−1 (ϵ; ξ) ≤ − sup
z>0

−d (ϵ, z; ξ) = inf
z>0

d (ϵ, z; ξ). (4)

Thus we reach the definition of the EVaR in the light of finance:

Definition 1 The Entropic VaR at level ϵ (0, 1) of random variable ξ is defined as

EVaR (ϵ; ξ) = inf
z>0

d (ϵ, z; ξ) ≡ inf
z>0

1
z

ln
(

M (−z; ξ)
ϵ

)
. (5)

We shall denote the value at which the minimum occurs by aξ .

Remark 1 Definition 1 slightly deviates from the original one provided by [26]. The main difference arises
from the fact that the left tail of the returns distribution is important in finance, whereas the right one is
used traditionally in the field of operations research. Thus Definition 1 measures in fact the opposite random
variable in the sense of [26].

Next, we discuss the support of EVaR. Obviously, if M (−z; ξ) < ∞ for every z > 0, then EVaR is
well defined. However, this is quite a strong restriction for many practical purposes. The following
lemma motivates the set we use:

Lemma 2 If M (−z; ξ) < ∞ for some z > 0, then M (−z; ξ) < ∞ for every z such that 0 ≤ z ≤ z.

5
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Proof We refer to Theorem 7.1.1. of [56].
Based on Lemma 2, we define cξ as

cξ = arg sup
z>0

M (−z; ξ) < ∞. (6)

We shall say that Cξ =
[
0, cξ

)
is the negative support of the moment generating function of ξ if

M
(
−cξ ; ξ

)
= ∞. If M

(
−cξ ; ξ

)
< ∞, then Cξ =

[
0, cξ

]
. Thus, we enlarged the support of EVAR

as these random variables for which cξ > 0 – we shall denote this set by B. A similar set is also
discussed in [31]. Thus we modify Definition 1 in the following way:

Definition 2 For ξ ∈ B and ϵ (0, 1), the EVaR is defined as

EVaR (ϵ; ξ) = inf
0<z≤cξ

d (ϵ, z; ξ). (7)

The following corollary stands:

Corollary 1 If x is a constant, then EVaR (ϵ; ξ + x) = EVaR (ϵ; ξ)− x.

Proof Having in mind the relation M (z; ξ + x) = exz M (z; ξ), we derive for the function d (ϵ, z; ξ)

d (ϵ, z; ξ + x) =
1
z

ln
(

M (−z; ξ + x)
ϵ

)
= d (ϵ, z; ξ)− x. (8)

We conclude that the minimum for the EVaR is achieved at the same point aξ and it is downward
shifted by x. Note that the domains of the MGFs of the random variables ξ and ξ + x coincide.
To prove that the so-defined measure is coherent, we check the conditions for a coherent risk
measure (see [13]), where ν (·) is an image of the random variables to the reals:

(C1) Translation Invariance: If ξ is a random variable and x ∈ R, then ν (ξ + x) = ν (ξ)− x.
(C2) Sub-additivity: If ξ1 and ξ2 are random variables, then ν (ξ1 + ξ2) ≤ ν (ξ1) + ν (ξ2).
(C3) Monotonicity: If ξ1 ≤ ξ2 are random variables, then ν (ξ1) ≥ ν (ξ2).
(C4) Positive homogeneity: If ξ is a random variable and x ≥ 0, then ν (xξ) = xν (ξ).

The proof is similar to Theorem 3.1 of [26], and we omit it. Note that we need to consider intervals
of the form Cξ .
We shall provide the so-called dual presentation of the entropic VaR. It exists since EVaR is a
coherent risk measure – see [13] and [57]. Having in mind Remark 1 and Theorem 7 of [25] we can
obtain the following result:

Proposition 1 Let the set Mϵ consists of these equivalent to P measures Q for which∫
dQ

dP
ln

dQ

dP
dP ≤ − ln ϵ. (9)

We have

EVaR (ϵ; ξ) = − inf
Q∈Mϵ

EQ [ξ] . (10)
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Acceptance set

The concept of the acceptance set comes from the real markets and denotes the positions that
satisfy the regulator’s requirements. Itis defined as:

Definition 3 The acceptance set A associated with a risk measure ν defined on the field of the random
variables is

Aν = {ξ : ν (ξ) ≤ 0} . (11)

We obtain the acceptance set for the EVaR-measure in the following proposition:

Proposition 2 For a random variable ξ, let ϵ∗ (ξ) be defined as

ϵ∗ (ξ) = inf
0≤z≤cξ

M (−z; ξ). (12)

The acceptance set for the EVaR at the level ϵ is Aϵ = {ξ : ϵ∗ (ξ) ≤ ϵ}.

Proof First, suppose that ξ is such that ϵ∗ (ξ) ≤ ϵ and let z∗ (ξ) be

z∗ (ξ) = arg inf
0≤z≤cξ

M (−z; ξ). (13)

Therefore Definition 2 leads to

EVaR (ϵ; ξ) = inf
0<z≤cξ

1
z

ln
(

M (−z; ξ)
ϵ

)
≤ 1

z∗ (ξ)
ln
(

M (−z∗ (ξ) ; ξ)
ϵ

)
=

1
z∗ (ξ)

ln
(

ϵ∗ (ξ)

ϵ

)
≤ 0.

(14)

Hence, ξ ∈ Aϵ. Inverse, suppose that ξ ∈ Aϵ. Therefore, M (−z; ξ) ≤ ϵ for some 0 < z ≤ cξ .
Hence, ϵ∗ (ξ) ≤ ϵ too.

3 Deriving Entropic VaR

We need the following statements before continuing with deriving the EVaR.

Lemma 3 If the function g (z) is monotone on a positive domain, then the function g (z) := g
(

1
z

)
is

inverse monotone on the related set.

Proposition 3 For fixed ϵ and ξ, the function g (z) := d (ϵ,−z; ξ) has no more than one local minimum
in the interval Cξ .

Proof Using similar arguments as in Lemma 3.1 of [26] we can prove that the function g (z) =
g
(

1
z

)
is convex and continuous on the set

(
1
cξ

,∞). Hence, there exists a constant c, 1
cξ

≤ c ≤ ∞,

such that g (z) is monotone decreasing in the interval
(

1
cξ

, c
)

and monotone increasing in (c,∞).

Note that the cases c = 1
cξ

and c = ∞ lead to a monotone function (increasing or decreasing,

7

Nedeltchev and Zaevski: Measuring Market Risk Through Entropic VaR

Published by Mathematical Modelling and Numerical Simulation with Applications, 2026



Nedeltchev and Zaevski | 258

respectively) in the whole interval
(

1
cξ

,∞). Using Lemma 3 we conclude that the function g (z)

decreases in the interval
(

0, 1
c

)
and increases for z ∈

(
1
c , cξ

)
. This finishes the proof.

We are ready to prove the main result for deriving the EVaR.

Theorem 1 Let the functions ϕ (·) and h (·) be defined through the MGF as

ϕ (z; ξ) = ln M (−z; ξ) ,

h (z, ϵ; ξ) = ϕ ′ (z) z − ϕ (z) + ln ϵ.
(15)

If h
(
cξ , ϵ; ξ

)
≤ 0, then

EVaR (ϵ; ξ) =
1
cξ

d
(
−cξ , ϵ; ξ

)
≡ 1

cξ

(
ϕ
(
cξ ; ξ

)
− ln ϵ

)
. (16)

Otherwise, if h
(
cξ , ϵ; ξ

)
> 0, then the equation h (z, ϵ; ξ) = 0 has a unique solution in the interval

(
0, cξ

)
which is aξ and thus

EVaR (ϵ; ξ) = d
(
−aξ , ϵ; ξ

)
≡ 1

aξ

(
ϕ
(
aξ ; ξ

)
− ln ϵ

)
. (17)

Proof First, we observe that d (ϵ, 0; ξ) = +∞ because M (0; ξ) = 1 and ϵ < 1. Applying Propo-
sition 3 we deduce that the function d (ϵ,−z; ξ) is either decreasing w.r.t. the variable z in the
interval

(
0, cξ

)
or first decreases and then increases, having a global minimum. Using that

d (ϵ,−z; ξ) =
1
z
(ϕ (z; ξ)− ln ϵ) ,

∂

∂z
(d (ϵ,−z; ξ)) =

h (z, ϵ; ξ)

z2 ,
(18)

we conclude that the function h (z, ϵ; ξ) is always negative for z ∈
(
0, cξ

)
or it has a unique root in

this interval, h (z, ϵ; ξ) < 0 before it, and h (z, ϵ; ξ) > 0 after it. If h
(
cξ , ϵ; ξ

)
≤ 0, then h (z, ϵ; ξ) < 0

in the whole interval
(
0, cξ

)
and thus d (ϵ,−z; ξ) decreases w.r.t. z. Alternatively, if h

(
cξ , ϵ; ξ

)
> 0,

then equation h (z, ϵ; ξ) = 0 has a unique solution in
(
0, cξ

)
and it is the minimizer of d (ϵ,−z; ξ).

We finish the proof having in mind Definition 2.

Empirical EVaR

Suppose that we have N observations for the log-returns, ri, i = 1, 2, ..., N. We need to obtain the
MGF function of the empirical distribution. The empirical MGF can be obtained by averaging:

M (z) =

N∑
n=1

ezrn

N
. (19)

Alternatively, we can use the CDF that, for the empirical observations, can be derived as the
number of observations lower than z divided by N

F (z) =
# {rn < z}

N
. (20)
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Denoting by rmin and rmax the lowest and highest observations, the equalities F (rmin) = 0,
F (rmax) = 1, and integrating by parts, we obtain

M (z) =

rmax∫
rmin

euzdF (u) = ezrmax − z

rmax∫
rmin

euzF (u) du. (21)

The models

We shall index all studied terms by the used models instead of the random variables – Black-
Scholes (BS), Exponential Tempered Stable (ETS), Heston, Stochastic Volatility with Compound
Poisson Jumps (Bates, SV/CP), and Stochastic Volatility with Tempered Stable Jumps (SV/TS).

Black-Scholes model

The asset price values are presented by the log-normal process

dSt = µStdt + σStdBt, (22)

and thus the asset t-returns

Yt := ln
(

St

S0

)
=

(
µ −

σ2

2

)
t + σBt, (23)

are normally distributed with parameters
{(

µ − σ2

2

)
t, σ

√
t
}

. The Gaussian moment generating
function is always well-defined, and it is

M (z) = et
((

µ− σ2
2

)
z+ σ2z2

2

)
. (24)

Hence, cBS = +∞. Thus functions (15) turn into

ϕ (z; ξ) = t
(
−

(
µ −

σ2

2

)
z +

σ2z2

2

)
,

h (z, ϵ; ξ) = ϕ ′ (z) z − ϕ (z) + ln ϵ.
(25)

We conclude that the values of minimizer aBS and the EVaR are

aBS =
1
σ

√
−

2 ln ϵ

t
,

EVaR (ϵ; BS) =
(

σ2

2
− µ

)
t + σ

√
−2t ln ϵ.

(26)

Exponential tempered stable model

In this model, the log-returns follow a tempered stable process, i.e., a Lévy process with drift µ

and Lévy measure

ν (u) =
c1

(−u)1+α1
eλ1u Iu<0 +

c2

u1+α2
e−λ2u Iu>0, (27)
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where c1,2, λ1,2 are positive reals and α1,2 ∈ (0, 2) – c1, λ1, and α1 describe the downward jumps
whereas c2 λ2, and α2 are for the upward ones. The moment generating function is well defined in
the interval (−λ1, λ2) and thus cETS = λ1. It can be written as

MTS (z) = et(µz+ψ1(z)+ψ2(z)), (28)

where

ψ1 (z) =

 Γ (−α1) λα1
1 c1

((
1 + z

λ1

)α1
− 1 − zα1

λ1

)
, i f α1 ̸= 1,

−zc1 + c1 (λ1 + z) ln
(

1 + z
λ1

)
, i f α1 = 1,

ψ2 (z) =

 Γ (−α2) λα2
2 c2

((
1 − z

λ2

)α2
− 1 + zα2

λ2

)
, i f α2 ̸= 1,

zc2 + c2 (λ2 − z) ln
(

1 − z
λ2

)
, i f α2 = 1.

(29)

Hence, the function ϕ (·; ETS) from (15) is ϕ (z; ETS) = t (−µz + ψ1 (−z) + ψ2 (−z)). Therefore,
ϕ ′ (z; ETS) = −t (µ + ψ ′

1 (−z) + ψ ′
2 (−z)) where

ψ1
′ (z) =

 Γ (−α1) λα1−1
1 c1α1

((
1 + z

λ1

)α1−1
− 1
)

, i f α1 ̸= 1,

c1 ln
(

1 + z
λ1

)
, i f α1 = 1,

ψ ′
2 (z) =

 Γ (−α2) λα2−1
2 c2α2

((
1 − z

λ2

)α2−1
+ 1
)

, i f α2 ̸= 1,

−c2 ln
(

1 − z
λ2

)
, i f α2 = 1.

(30)

Several cases can be distinguished – we prove the results by the proposition below.

Proposition 4 Let D (x) be the digamma function and D−1 (x) be its inversion in the interval (−2,−1).
Note that it exists because the digamma function increases between minus and plus infinity in this interval.

Let the constant b be defined as b = c1Γ
(

D−1 (ln λ1)
)

λ
−D−1(ln λ1)
1 . The following statements hold:

i. If b − ψ ′
2 (−λ1) λ1 − ψ2 (−λ1) +

ln ϵ
t > 0, then aETS < cETS.

ii. If b − ψ ′
2 (−λ1) λ1 − ψ2 (−λ1) +

ln ϵ
t ≤ 0, then there exist two constants b1 and b2, 1 < b1 <

−d−1 (ln λ1) < b2 < 2, for which aETS < cETS when α1 ∈ (0, b1) ∪ (b2, 2) and aETS = cETS when
α1 ∈ [b1, b2].

The EVaR is obtained through Theorem 1.

Proof The proof is provided in Appendix A.

Heston model
Next, we discuss the stochastic volatility model introduced by [49]. It is presented by the following
dynamics

dSt = µStdt +
√

VtStdBt,

dVt = ξ (η − Vt) dt + θ
√

VtdB̃t.
(31)

The variable ξ is the speed of reversion to the value η, and θ is the volatility of the volatility. In
addition, the Brownian motions Bt and B̃t are correlated with the coefficient ρ. Thus the Heston
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model is driven by five parameters µ, ξ, η, θ, and ρ. The negative support is not obvious for this
distribution. The detailed survey can be found in [58]. We need the following result, which is
formulated as Theorem 3.1, point 4, from the study [58]:

Proposition 5 Let the quadratic function p (x) be defined as

p (x) = (ξ − ρθx)2 + θ2
(

x − x2
)

≡ −x2θ2
(

1 − ρ2
)
+ xθ (θ − 2ρξ) + ξ2.

(32)

It has two real roots, possibly infinitely small (large), −∞ ≤ x1 < 0 < x2 ≤ ∞, p (x) > 0 when
x ∈ (x1, x2), and p (x) < 0 if x < x1 or x > x2:

x1,2 =
θ − 2ρξ ±

√
θ2 − 4ρθξ + 4ξ2

2θ (1 − ρ2)
. (33)

Let P (x) =
√

|p (x)| and the function f (·) be defined as

f (x) = f1 (x) + (ξ − ρθx) f2 (x) ,

f1 (x) = cosh
(

P (x) t
2

)
Ix∈(x1,x2) + cos

(
P (x) t

2

)
Ix/∈(x1,x2),

f2 (x) =
1

P (x)

[
sinh

(
P (x) t

2

)
Ix∈(x1,x2) + sin

(
P (x) t

2

)
Ix/∈(x1,x2)

]
.

(34)

The MGF of the log-returns can be written as

M (z; v) = eω(z)+vκ(z), (35)

where v is the initial value of the volatility and the functions ω (·) and κ (·) are defined as

ω (z) =
2ξη

θ2

(
(ξ − ρθz)

t
2
− ln f (z)

)
+ tµz,

κ (z) =
(

z2 − z
) f2 (z)

f (z)
.

(36)

Let x∗ be the highest root of f (·) which is less than x1. The abscissa of EVaR is cHeston = −x∗.1 Functions
(15) related to the MGF of the log-price in its domain can be written as

ϕ (z; ξ) = −x0z − µtz +
2ξη

θ2

(
(ρθz + ξ)

t
2
− ln f (−z)

)
+ v0

z + z2

f (−z)
f2 (−z) ,

h (z, ϵ; ξ) = ϕ ′ (z) z − ϕ (z) + ln ϵ

= ln ϵ +
2ξη

θ2

(
−

ξt
2
+

f ′ (−z)
f (−z)

z + ln f (−z)
)

1 In fact, x∗ is the left abscissa of convergence of the MGF of the log-price in the Heston model. The right one is
more variable – the complete exposition is provided in Theorem 3.1, points 1-3 of [58].

11

Nedeltchev and Zaevski: Measuring Market Risk Through Entropic VaR

Published by Mathematical Modelling and Numerical Simulation with Applications, 2026



Nedeltchev and Zaevski | 262

+ vz2
(

f (−z) + (1 + z) f ′ (−z)
f 2 (−z)

f2 (−z)−
1 + z
f (−z)

f ′2 (−z)
)

,

f ′ (x) = f ′1 (x)− ρθ f2 (x) + (ξ − ρθx) f ′2 (x) ,

f ′1 (x) =
t
4

f2 (x) p ′ (x) ,

f ′2 (x) = sgn (p (x))
p ′ (x)

2P2 (x)

[
t
2

f1 (x)− f2 (x)
]

,

p ′ (x) = −2xθ2
(

1 − ρ2
)
+ θ (θ − 2ρξ) .

(37)

We obtain the minimizer that determines the value of EVaR (aξ or cξ) through Theorem 1, more precisely
via the sign of h

(
cξ , ϵ; ξ

)
.

Stochastic volatility jump models
Assume now that the asset exhibits jointly stochastic volatility and jumps – St = Sc

t eYt , where
Sc

t is the continuous part given by dynamics (31) and Yt is a Lévy process independent of the
Brownian motion. In the model of [50], Yt is a compound Poisson process with intensity λ and
(α, β)-normally distributed jumps. The MGF of the jump process is always well-defined, and it is
M (z) = etψCP(z), where ψCP (u) is

ψCP (z) = λ

(
e

β2z2
2 +αz − 1

)
. (38)

We consider, in addition, the stochastic volatility jump model suggested by [51] – the jumps are
presented by a tempered stable process discussed in Section 3. We can formulate the following
results:

Proposition 6 The domain of the MGF of the log-returns of a stochastic volatility jump model is the
intersection between the domains of the continuous and jump parts. Particularly, the support for the Bates
model coincides with that for Heston’s model. Thus, cBates = cHeston and cSVTS = min {cHeston, λ1}, where
the subscript SVTS stands for the stochastic volatility model with tempered stable jumps.

Proof The proof is based on the fact that the MGF of the product of independent random variables
is the product of their MGFs.
Having in mind Proposition 6, we derive the minimizer for the EVaR as well as its own value
through Theorem 1. Functions (15) turn into

ϕ (z; ) = ln MHeston (−z) + ln MJ (−z; ξ) ,

h (z, ϵ) =
[
ϕ ′

Heston (z) + ϕ ′
J (z)

]
z − ϕHeston (z)− ϕJ (z) + ln ϵ.

(39)

The subscript J stands for the jump part. The terms for the Bates model are

ϕJ (z) = tλ
(

e−
(

δ2z2
2 +

(
k− δ2

2

)
z
)
− 1
)

,

h (z, ϵ; ξ) =
[
ϕ ′

Heston (z) + ϕ ′
J (z)

]
z − ϕHeston (z)− ϕJ (z) + ln ϵ,

ϕ ′
J (z) = −tλe−

(
δ2z2

2 +
(

k− δ2
2

)
z
) (

δ2z + k −
δ2

2

)
.

(40)
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For the model of [51], we need to combine the results of Section 3 (exponential tempered stable
model) and Section 3 (Heston model).

Averaging w.r.t. the volatility
Several authors propose an approach for eliminating the initial value of the volatility that appears
in MGF (35) – see [59], [51], and [52]. This is necessary because the volatility is a hidden market
parameter, and there is no consensus between practitioners and researchers on how to extract
it. On the other hand, the Cox-Ingersoll-Ross (CIR) process admits a (α, β)-Gamma stationary
distribution, where α = 2ξ

θ2 and β = 2ξη

θ2 . Its PDF is

fγ (u) =
αβ

Γ (β)
uβ−1 exp (−αu) Iu≥0. (41)

The above-mentioned authors suggest the volatility to be averaged with respect to this Gamma
distribution, and thus, the averaged MGF turns into

Mav
Heston (z) =

∞∫
0

MHeston (z; v) fγ (v) dv

=

∞∫
0

eω(z)+κ(z)v fγ (v) dv = eω(z)Mγ (κ (z)) ,

(42)

where Mγ (·) is the MGF of the Gamma distribution

Mγ (u) =
(

1 −
u
α

)−β
≡
(

1 −
θ2u
2ξ

)−
2ξη

θ2

. (43)

Proposition 3.1 from [60] gives the existence of a random variable whose MGF is given by formula
(42) – we shall call it averaged log-returns. Following Theorem 3.1 from [60], we derive the the left
abscissa of convergence cav of the MGF:

Proposition 7 For a fixed t, the equation κ (t, x) = 2ξ
θ2 has a unique root in the interval (−cHeston, 0).

The boundary cav is the opposite value of this root.

The function h (z, ϵ; ξ) that describes the minimizer of the EVaR turns into

h (z, ϵ; ξ) = ϕ ′ (z) z − ϕ (z) + ln ϵ,

ϕ (z, ϵ; ξ) = ω (−z)−
2ξη

θ2 ln
(

1 −
θ2κ (−z)

2ξ

)
,

ϕ ′ (z, ϵ; ξ) = −ω ′ (−z)−
2ξη

2ξ − θ2κ (−z)
κ ′ (−z) ,

ω ′ (x) = −
2ξη

θ2

(
ρθt
2

+
f ′ (x)
f (x)

)
+ tµ,

κ ′ (x) =
(2x − 1) f2 (x) +

(
x2 − x

)
f ′2 (x)

f (x)
−
(

x2 − x
) f2 (x) f ′ (x)

f 2 (x)
.

(44)

The derivatives f ′ (x) and f ′2 (x) can be found in formulas (37).
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4 Models calibration

In Table 1, we provide the EVaR’s based on the confidence level ϵ ∈ {0.001, 0.01, 0.025, 0.05, 0.75,
0.99} and the parameters reported in Table 2 of [52]. We can observe in Figure 1a that there are
several similarities between the model EVaRs and the empirical ones, but the match is not perfect.
To have a more precise conclusion, we calculate the EVaRs produced by the models calibrated in
[52]. The calibration is prepared through the daily observations of the S&P 500 index for the period
between September 25, 2008, and July 01, 2022, and 1000-sized moving window. The results are
presented in Figure 1. We can see that although there are some similarities, the discrepancies are
substantial. Several reasons may lead to this inaccuracy – the most likely one is the existence
of over-fitting. To check this hypothesis, we recalibrate the models, defining a cost function
consisting of two parts – one for the distribution’s PDF and another for the EVaR. Also, we update
the historical sample considering the period between January 2, 2003, and February 19, 2025. We
use the classical procedure for extracting the empirical PDF. The interval (−0.23, 0.23) for the log-
returns is divided into 230 bins with length 0.002. The interval is chosen in that way because the
lowest log-return ever is −0.2290, observed at October 19, 1987 – the so-called Black-Monday. The
empirical PDF values at the centers of the sub-intervals are obtained by counting the number of
observations that fall in them. The PDF values for the log-returns in the theoretical models, except
the Black-Scholes one, are obtained by the Fast Fourier Transform because only the characteristic
functions are available. We present them in Appendix B. As we mentioned in Section 3, the initial
volatility for the stochastic volatility models is a hidden market parameter – we suggest removing
it from the calibration methodology by averaging w.r.t. its stationary distribution. We use the
standard least squares error method to compare the theoretical and empirical PDFs. The second
term of the cost function is related to the deviations from the empirical EVaRs produced by the
theoretical models. For a relative equalization of the weights of both components, we multiply the
EVaR-part by 103. Thus, we reach the minimization problem

min
γ∈Υ


230∑
n=1

(
pth,n − pemp,n

)2
+ 103

√√√√ 6∑
n=1

(
EVaRth (ϵn)− EVaRemp (ϵn)

)2

 , (45)

where Υ is the set of all possible parameters for the theoretical model, γ ∈ Υ, the symbol p is used
for the PDFs, and by a subscript, the empirical and theoretical terms.

We derive the model’s parameters without applying either penalization or regularization since
we are not challenging the stability of the model performance over such a large period. On the
contrary, we would like to see how volatile the parameters are.

Table 1. EVaRs based on Table 2 of [52]

Parameter Empirical BS ETS Heston Bates SV/TS

0.001 0.1144 0.0388 0.1139 0.1527 0.1061 0.1214
0.01 0.0857 0.0317 0.0795 0.1045 0.0762 0.0847

0.025 0.0726 0.0284 0.0657 0.0852 0.0638 0.0699
0.05 0.0212 0.0124 0.0179 0.0208 0.0184 0.0188
0.75 0.0116 0.0080 0.0100 0.0111 0.0103 0.0104
0.99 0.0015 0.0016 0.0013 0.0015 0.0014 0.0014
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5 Analyzing the numerical results

Calibration results

The calibrated parameters for the five models based on the whole data are reported in Table 4.
The generated PDFs can be compared to the empirical values in Figure 1b. The values of the
cost function (45) as well as its two components can be seen in the first part of Table 2. We
conclude that all models except the Black-Scholes one capture the shape of the empirical PDF.
Some unexpected results, such as the best ETS fit, can be explained by the challenges that stand
in the multidimensional optimization. The value function during the period, as well as its two
components, can be seen in Figure 2a, Figure 2b, and Figure 2c.

Table 2. Deviations, Expectile Risk Measures, Expected Shortfall, VaR

Deviations Empirical BS ETS Heston Bates SV/TS

total — 108.5314 14.4035 16.7178 19.0651 15.1364
PDF — 92.9494 8.0434 9.6454 14.0027 7.5923
EVaR — 15.5820 6.3601 7.0724 5.0624 7.5441

EVaR Empirical BS ETS Heston Bates SV/TS

0.001 0.1121 0.0994 0.1164 0.1168 0.1158 0.1173
0.01 0.0835 0.0810 0.0821 0.0820 0.0827 0.0821

0.025 0.0706 0.0724 0.0682 0.0680 0.0690 0.0679
0.05 0.0602 0.0652 0.0576 0.0572 0.0583 0.0571
0.75 0.0539 0.0606 0.0512 0.0508 0.0519 0.0506
0.99 0.0014 0.0031 0.0015 0.0012 0.0021 0.0015

ERM Empirical BS ETS Heston Bates SV/TS

0.001 0.0564 0.0649 0.0507 0.0496 0.0510 0.0489
0.01 0.0271 0.0456 0.0288 0.0277 0.0252 0.0276

0.025 0.0192 0.0370 0.0211 0.0202 0.0183 0.0202
0.05 0.0141 0.0300 0.0157 0.0149 0.0139 0.0151

ES Empirical BS ETS Heston Bates SV/TS

0.001 0.1055 0.0889 0.0785 0.0773 0.0841 0.0760
0.01 0.0518 0.0711 0.0515 0.0502 0.0467 0.0495

0.025 0.0380 0.0624 0.0404 0.0392 0.0348 0.0388
0.05 0.0293 0.0550 0.0322 0.0310 0.0275 0.0309

VaR Empirical BS ETS Heston Bates SV/TS

0.001 0.0792 0.0828 0.0683 0.0670 0.0706 0.0659
0.01 0.0347 0.0622 0.0395 0.0381 0.0322 0.0378

0.025 0.0248 0.0523 0.0285 0.0273 0.0234 0.0273
0.05 0.0174 0.0438 0.0205 0.0195 0.0177 0.0197

The reported values in the second part of Table 2 for the entropic VaR confirm that all non-
lognormal models capture the risk profile of the S&P 500 index. Furthermore, we present the other
risk measures discussed in this paper – VaR, ES, and ERM – in Table 2. We can see that despite
some deviations, the calibrated models generate values for these measures that are relatively close
to the empirical ones. The EVaRs of the five models we deal with can be seen in Figure 1c. We use
a moving window again with 1000 positions, and thus the period consists of 4569 observations
between December 21, 2006, and February 19, 2025. First, it is worth underlining that the profile
of the empirical EVaR very clearly differentiates the zones with a heightened level of market
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risk. Furthermore, all models except the Black-Scholes model more or less follow this behavior.
This shows that the entropic VaR is a risk measure that almost immediately indicates market
turbulence.
We consider further the other discussed risk measures, ERM, ES, and VaR, calculating them based
on the already calibrated parameters via the moving window and criteria (45). The results for the
expectile risk measure can be viewed in Figure 1d, for the expected shortfall in Figure 1e, and for
the VaR in Figure 1f. We can conclude that despite some deviations, the calibrated models follows
the behavior of the ERM, ES, and VaR in addition to the entropic VaR. Hence, the calibration
method we suggest captures not only the distributions and EVars, but and some other inherent
properties coming from the expectile risk measure, expected shortfall, and VaR. All these results
confirm that the approach can be used for avoiding over-fitting as well as for capturing the intrinsic
properties of the financial data.
Another important question that stands is how stable are the estimations when we change the
equalization coefficient in cost function (45). We check this considering the weight coefficient to be
equal to c103 for c = 0.9 and c = 1.1. We re-calibrate only the Heston’s stochastic volatility model
since it is the main one in our investigation. The results are provided in Table 3. We can conclude
that the new estimations are relatively close to the original ones.

Table 3. Stability results

Parameter µ ξ η θ ρ

c = 0.9 0.1953 148.6696 0.0416 5.7540 -0.0044
c = 1 0.1946 142.7981 0.0419 5.6212 -0.0041

c = 1.1 0.1935 135.1603 0.0422 5.4456 -0.0036

Model behavior

We choose to comment on the parameters inferred for the Heston model because it is based on the
stochastic volatility, which we observe on the financial markets, while the Black-Scholes model
is based on the assumption of a constant volatility. Also, the model is well-known among the
academic circles and the practitioners, and this secures a solid ground to compare our results with
previous studies and a large enough target group for the article. The Heston model paves the way
to understanding the more sophisticated models elaborated in the article.
A general observation is that the Global Financial Crisis 2007 - 2009 (GFC) and COVID-19 left
footprints on the profile of every parameter. Figure 3 confirms that Heston parameters for the EVaR
reacted to the GFC and to the COVID-19 pandemic. The most important observation regarding µ

is that it changes its sign; it reaches the lowest values during the COVID-19 pandemic and has
record high values from the end of 2012 to the end of 2016. The speed of the mean reversion ξ is a
very volatile parameter with a minimum value of 0.3279 at the very last day of the considered
period and a maximum value of 910.3188 observable from March 20, 2020, to April 21, 2020. The
parameter η is of very low value until the break of the GFC; also, from August 2015 till the break of
the COVID-19; its value decreases from the end of 2012 to mid-2015 and increases steadily during
the remaining periods. We observe that the profiles of ξ and θ are surprisingly identical, despite
different scales - see Figure 2e. The correlation coefficient ρ has a very stable behavior through the
calm market periods and is significantly volatile in the turbulence. Let us also consider the impact
of Heston parameters evolution on the distribution of the log-returns in light of [61]. We know
that the log-returns are positively skewed when ρ is positive and negatively skewed when ρ is
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Figure 1. The calibrated PDFs and the risk measures

negative. Hence, we anticipate that the related distribution is negatively skewed except in the
period after March 2024. We know that a high θ results in high distribution kurtosis. Hence, we
anticipate fat tails for the whole period except the first quarter after the beginning of the COVID-19
pandemic.
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Last but not least, we compare the market risk measured by the expectile risk measure and the
entropic VaR through the results reported in see [52]. We take into account that the empirical data
for this investigation consists of the daily observations of the S&P500 index between Sept 25, 2008
to July 1, 2022 – totally of 3466 log-returns. We use this data to equalize the historical samples.
First, we can observe that the entropic VaR better reacts to exogenous events like the GFC and the
COVID19 – see Figure 2d.
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Figure 2. The value function and some comparisons
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On the other hand, Figure 4 presents the joint plot of the parameters. We see a good match for the
time drift µ. Also, we note that ξ and θ are of very different scales. The variance volatility θ is the
same from the second half of 2015 to the beginning of COVID-19. During the rest of the period,
we see opposite values. Furthermore, we see that the correlation coefficient for the entropic VaR is
rather stable, whereas it is more volatile for the expectile risk measure.
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Comparison between the risk measures

We now discuss some of the main differences between traditional quantile-based risk measures
(VaR and AVaR) on the one hand and Entropic VaR on the other. The VaR is the most commonly
used risk measure. Its main advantages are its intuitiveness and computational ease – in fact, it is
the quantile. From the theoretical point of view, the main shortcoming is that VaR is not coherent –
it is not subadditive. The economic meaning of VaR (ϵ) is the maximum loss that one can expect
with 100ϵ% of confidence. The main economic shortcoming is that it does not say anything about
what happens beyond the threshold ϵ. On the other hand, the ES-measure is defined as the average
possible losses beyond the level – note that its alternative name is Averaged-Value-at-Risk (AVaR).
This indicates that VaR < ES. On the other hand, the way we define the Entropic-VaR makes it
the most conservative amongst the considered risk measures. This leads to a strong insurance
against the rare but catastrophic events. This leads to the order VaR < ES < EVaR. We illustrate
all these in Figure 5. We chose the level ϵ = 0.05 for the already calibrated models of Black-Scholes
and Heston – their parameters are reported in Table 4. First, remind that the Black-Scholes model
produces Gaussian log-returns – see Figure 5a. The VaR is presented by the red line. The shaded
part has a surface just 0.05 – it consists of all risks with probabilities lower than 0.05. The ES and
EVaR are given by the green and cyan lines. The above-mentioned order is confirmed – note
that the measure values have to be taken with the opposite sign. In Figure 5b, we illustrate the
results for Heston’s stochastic volatility model. We can observe that the deviations between the
discussed three measures are significantly larger for this model. This happens because Heston’s
model captures significantly better the heavy tails in the empirical data. On the other hand, the
expectile risk measure is defined in a significantly different way, and direct comparisons would
not be correct. Its main advantage is that it takes into account both the right and left tails. From
economical point of view, this means both possible profits and losses influence the ERM. This
holds for the EVaR too, but to a much lesser extent, since the minimization in Definition 2 is in the
negative domain of the MGF.

Table 4. Parameters for Black-Scholes, exponential tempered stable, Heston, Bates, and SV/TS models

Parameter BS ETS Heston Bates SV/TS

µ 0.2632 0.0767 0.1946 -0.0829 0.0616
ξ - - 142.7981 28.1853 37.4461
η - - 0.0419 0.0225 4.8209E-04
θ - - 5.6212 0.9738 0.0161
ρ - - -0.0041 -0.7944 -0.2295
α1 - 6.1266E-06 - - 0.2402
α2 - 1.0187 - - 0.407
c1 - 112.4077 - - 37.3946
c2 - 0.6192 - - 18.7313
λ1 - 71.5889 - - 67.5161
λ2 - 34.2866 - - 79.1169
σ 0.4274 - - - -
λ - - - 3.5253 -
k - - - -0.0154 -
δ - - - 0.0354 -

Last but not least, let us discuss the observation that the EVaR reacts significantly faster to market
turbulence. This measure is highly sensitive to extremely rare downward events since it is based

20

Mathematical Modelling and Numerical Simulation with Applications, Vol. 6 [2026], Iss. 1, Art. 9

https://mmnsa.researchcommons.org/journal/vol6/iss1/9
DOI: 10.53391/2791-8564.1024



271 | Mathematical Modelling and Numerical Simulation with Applications, 2026, Vol. 6, No. 1, 251–278

on the exponential moments through the distribution’s MGF. This makes the EvaR the most
conservative risk measure that preserves against large risks.

(a) Black-Scholes model (b) Heston model

Figure 5. VaR vs. ES vs. EVaR

6 Conclusions

The paper investigates the entropic VaR as a coherent risk measure in the finance area. It is
compared with the two main measures that are widely used both in financial theory and practice –
Value-at-Risk (VaR) and Expected Shortfall (ES). Furthermore, we provide some comparison with
a novel risk measure based on the expectiles. Theoretically, the EVaR is defined as a maximizer of
the VaR through the Chernoff inequality. It gives the relation between the CDF of a distribution
and its exponential moments – thus, the moment generating function arises. The fact that the
entropic VaR is based on the exponential moments leads us to expect that it has to react faster to
the negative scenarios.
In principle, the very concept of risk is closely related to the rare events that are placed in the
distribution tails. This determines the small number of such observations in statistical data. To
overcome this problem, we assume that the financial instrument we are interested in is governed
by some stochastic model. Our choice falls on five fundamental models that capture the main
stylized financial facts – Black-Scholes, exponential tempered stable, Heston, stochastic volatility
with compound Poisson jumps (Bates), and stochastic volatility with tempered stable jumps. Based
on their MGFs, we derive closed-form formulas for the EVaR. A specific technique is applied
to deal with the unobservable values of the volatility that appear in Heston’s model and its
successors. Our suggestion is to average over all possible volatility values using its stationary
gamma distribution. The EVaR for this modification is also obtained.
In addition, this study gives a strong practical flavor to the EVaR topic based on large statistical
data for the S&P500 index. The results of the empirical calculations are profoundly analyzed and
interpreted. The theoretical comparison between all risk measures is continued from a financial
viewpoint. We have a confirmation that the entropic VaR is a risk measure that almost immediately
indicates possible market turbulence.
Furthermore, the paper reveals several areas that can ignite further scientific and practical en-
deavours. Being the VaR-supremum, the Entropic VaR enables the investors to identify the most
conservative scenarios of portfolio optimization. On the other hand, the Entropic VaR indicates to
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the regulators the ultimate capital to allocate for risk mitigation purposes.
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Appendix A Proofs

Proof (Proposition 4) Suppose first that α1 < 1. We have −λ1ψ1
′ (−λ1) = +∞ because

limz↗λ1

(
1 − z

λ1

)α1−1
= +∞ and Γ (−α1) < 0. Having in mind that the rest of the terms in

h
(
cξ , ϵ; ξ

)
are finite, we conclude that aETS < cETS. If α1 = 1, the same result holds since

limz↗λ1 ln
(

1 − z
λ1

)
= −∞. It remains to apply the second part of Theorem 1.
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Suppose now that 1 < α1 < 2. Let us consider the part of h (λ1, ϵ; ξ) related to ψ1 (·) as a function
of α1, say f (x). It and its derivative are

f (x) = −ψ ′
1 (−x) λ1 − ψ1 (−x)

= c1xΓ (−x) λx
1 + c1 (1 − x) Γ (−x) λx

1

= c1Γ (−x) λx
1,

f ′ (x) = c1Γ (−x) λx
1 (ln λ1 − D (−x)) ,

(46)

where D (·) is the digamma function. Remind that this is the derivative of the log-gamma function.
Having in mind that it increases between minus and plus infinity in the interval (−2,−1), we
conclude that f ′ (x) < 0 for x ∈

(
1,−D−1 (ln λ1)

)
and f ′ (x) > 0 if x ∈

(
−D−1 (ln λ1) , 2

)
.

Hence, f (x) decreases for x ∈
(
1,−D−1 (ln λ1)

)
and increases for x ∈

(
−D−1 (ln λ1) , 2

)
. Thus

the function f (x) has minimum for x = −D−1 (ln λ1) and its value is f
(
−D−1 (ln λ1)

)
= b (see

formulation of Proposition 4 for the value of b). We finish the proof using this behavior of f (x)
and the part of h (λ1, ϵ; ξ) coming from ψ2 (·) and ln ϵ.

Appendix B Characteristic functions

The characteristic function of the tempered stable process at the moment t can be written as

ΨTS (u) = et(iµu+ψ1(u)+ψ2(u)), (47)

where

ψ1 (u) =

 Γ (−α1) λα1
1 c1

((
1 + iu

λ1

)α1
− 1 − iuα1

λ1

)
, i f α1 ̸= 1,

−iuc1 + c1 (λ1 + iu) ln
(

1 + iu
λ1

)
, i f α1 = 1,

ψ2 (u) =

 Γ (−α2) λα2
2 c2

((
1 − iu

λ2

)α2
− 1 + iuα2

λ2

)
, i f α2 ̸= 1,

iuc2 + c2 (λ2 − iu) ln
(

1 − iu
λ2

)
, i f α2 = 1.

(48)

The characteristic function of the Heston’s log-returns can be derived as

ΨHeston (t, x, v; u) = eC(t,u)+D(t,u)v, (49)

where

C (s, u) = µuis +
ξη

θ2

[
(ξ − ρθui + d) s − 2 log

(
1 − g exp

(
djs
)

1 − g

)]
,

D (s, u) =
ξ − ρθui + d

θ2
1 − exp (ds)

1 − g exp (ds)
,

g =
ξ − ρθui + d
ξ − ρθui − d

,

d =

√
(ρθui − ξ)2 + θ2 (ui + u2).

(50)
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Furthermore, the characteristic function averaged through the stationary gamma distribution (43)
is

Ψav
Heston (t, x; u) =

∞∫
0

ΨHeston (t, x, v; u) fγ (v) dv

=

∞∫
0

eC(t,u)+D(t,u)v fγ (v) dv

= eC(t,u)ψγ (−iD (t, u)) ,

(51)

where fγ (·) is the gamma PDF given by (41) and ψγ (·) is its characteristic function

ψγ (u) =
(

1 −
iu
α

)−c
≡
(

1 −
iθ2u
2ξ

)−
2ξη

θ2

. (52)

If we have a jump component, then the characteristic function can be written as Ψ (t, x, v; u) =
ΨHeston (t, x, v; u) etψJ(u) no matter averaged or not. If the jump process is tempered stable, then
ψJ (u) = iµu + ψ1 (u) + ψ2 (u). If we work under the Bates model with compound Poisson jumps,
then

ψJ (u) = λ

(
e−

δ2u2
2 +i

(
k− δ2

2

)
u
− 1
)

. (53)
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